Introduction

In this poster we summarize the results of a graduate the-
sis dealing with the phase-space representation of the semi-
classical evolution of the BB wave packet through its Wigner
transform. The BB wave packet is the solution of the free
Schrodinger equation with initial data the Airy function, and it
has infinite L2 norm. A class of Airy-type wave packets with fi-
nite L norm is constructed by convolving the BB wave packet
with certain square integrable functions. It is shown that in
the classical limit, the Wigner transform of any wave packet
In this class concentrates on the "Lagrangian manifold" of the
BB wave packet.

The Berry-Balazs (BB) wave packet

The BB wave packet is the solution of the free Schrodinger
equation (zero potential V' = 0)
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with initial data
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where Ai(x) is the Airy function, and B > 0 is a scaling pa-
rameter. The Airy function is defined by the integral
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Solving the above IVP by Fourier transform, we derive
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Geometrical optics of

the BB wave packet

The standard asymptotic expansion of the Airy function, im-
plies that the initial data V% 5,(z) admit a two-phase WKB
expansion, for x < 0, |x| large, and small €, and they are ex-
ponentially small for x > 0. The appropriate application of the
geometrical optics (WKB) method, provides the rays
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which are relevant to the IVP for the Schrodinger equation.
The Jacobian of these rays * = T_(t; q) vanishes along the
caustic (red line in the figure below)
B3t
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By eliminating the initial position ¢ from the equations of the
rays and their momenta k(t;q) = dz(t; q)/dt, we derive the
moving "Lagrangian manifold (curve)"
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which is the image of the "initial Lagrangian manifold (curve)"
Ap = {(q,p)lp2 + B = 0} ,

under the Hamiltonian flow (z = pt + ¢, k = p) in the
phase space. This flow is defined by the bicharacteristics
(x(t;q,p), k(t; q,p)) of the Hamiltonian system:

( daltq,
%ﬁmzk@wmhéﬂﬁmmzq,

dk(t;
| PG — v (a(tiq,p) =0, k(0iq.p) = p
The rays are the projections of the bicharacteritics with initial
momentum p = S/(¢) on to the physical space-time RZ,.
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The Wigner transform and the

Wigner equation

We define the Wigner transform W|f|(x, k) of a complex-
valued function f(x) as

Wil = o [ e 40w+ DT F)do
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and the corresponding scaled Wigner transform as:
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For the Schrodinger equation
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when the potential V(x) is smooth, it turns out that
We(x, k,t) = WEUE|(z, k, t) satisfies the Wigner equation
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where a;, = (=122 /2m+ 1), m=1,2,...

In the simple case V' = 0, that we consider here, given the
initial data W*°(q,p,0) = W(q,p), the Wigner equation is a
simple transport equation, and its solution is given by

We(x, k,t) = Wi(z — kt, k)

Wigner representation of the BB

wave packet

The solution of the Wigner equation, with V' = 0 and Iinitial
data
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IS given by the equation
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which is, In fact, the scaled Wigner transform
WelUS 5l(x, K, t) of the BB wave packet.

W%B(ﬁlf, k, t) =

By the distribuitional limit L (%) — §(z) [p hdz as o — 0, it
can be shown that
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and
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We observe that the support of W} 5o (z, k) (resp.
W3 s(x,k,t)) is Ag (resp. Ay), and that W p(z, k, t) is the
shift of W}, 5(, k) by the Hamiltonian flow..

Airy-type wave packets with finite

energy

A class of Airy-type wave packets with finite L2 norm is con-
structed by using L? initial data of the form

Uo(z) = Vg,(x) = gla; o) * Uppylz)
where ¢ is any function of the form
1
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The Wigner transform of \Ifgg IS
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where ¢ is the Fourier transform of ¢g. Assuming that g is
smooth, we derive the series expansion
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The integrals can be expressed in terms of the Airy function,
and the series is written in the form
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Now we observe that as ¢ — 0, with ¢ = o(¢) = ¢!, for
any v > 0, the coefficients C'; have well defined limits
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Moreover, since the distributional relation
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can be differentiated any number of times, we derive that
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Therefore, the formal weak limit of W= U5 g] is
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We conclude that for the considered class of finite-energy
wave packets, the limit Wigner function is always concen-

trated on the "Lagrangian manifold" Ay of the BB wave
packet.
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