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“H péBobog napayovionoinong 10 ypajpurod réoxiwou £xet i pies g othY mb
‘petéyovey’ péBodo mapayovtonoinong td Fermat, kata ty onola ényeipodje
Vit ypawope TV GpiB1o . o 9EA0pIE Vi Tapay ovIOTOU00jE, Og Bagopd TeTpa-
Yovov, Brdadi, tmyeipo0pe v Grodoyioope Setixovg dxepaioug a, b € tEowoug
Bote n = 6% — P, ondte, puowa, ol a+ bya— b elvat i TeTpIpEvoL Blatpéteg ToT
. H elipeon tétowv a, b eivar, yevica, dvoxohn xai yi’ avto iy 1éBodog v eivat
amotedeopatih i peyaloug piBpovg N OBNyel Bpog oty mapatipnon bt
v Bpovpe dxepaiou a, b wrowoug Gote

2

@ (mod n), (3.8)

ote & n Bratpei tov (a-+b){a—b) kai dv, Emmkéov, 61 Biv Sapei oiite ToV a-+b ot
1oV a—b, Tote oUpPwvVa P Ty doxnon 9 100 xegadaiov 1, of (a+b,n), (a—b,n)

efvat i Terppévor Biatpéteg 100 1 (Bt Gvaykaotikd mpdtol. Ba Exope, Bueg.
anotiyet &v 6 1 Hrarpei Evav and 1oig a + bya — b, Gnladr, v e = +b (mod n).

“Av of 4pBpot g,b, 0f oroiot ikavorowdy T (3.8), émeyody wuxaia, propel
saveig va Beiger bu A mBavéuta driotuxiag efvar, T mov, 1/2. Mag propodpe,
Bpog. v Bpodpe dxepaioug 6, b, b Vit ikavorowdy Ty (3.8);

“Ag otaBeponouoope T 0ovoAo

S={~

3.5,

ks

now mepiéxet -1 xal Tovg  ApxKoLg TPGTOVS t). “Enmiong,
i Ayoug dpoopopaiag oto oupBohons, Sétope py = —1. Ba Mpe du Evag
apiBpdg napayovionoteital otd § v Blor of mPGTOL MapayoVés TV vijKouy
oto §. AV 6 apiBpog eivar dpviikeg, Ewoeital ST Exel dg TApAYOVEA ToU TV
o= —1 oty npdmn Suvapn, évd Gy elvat Setids, ot pndevici) dovapn. "Eote
T Exope Bpet dpxeta Gevyn apOpav (g, +8 TéToa Gote of a; Kai by

ai, émméov,

k.
3.9)





[image: image2.png]Zuj ouvéxela Bpiokope Tig oxéoelg, Mow Mpémet v noAandaotacops Kata pEdn,
MpoKENEVOU Vi apopie id tootpia oty Grioia Blor of éxBireg v eivat dprion.
“Erot 94 mépope T Gtovpevn foonpia wrpaydvov.

M tig napandve oxéyeg BAéope 611 A 1E60BGS pag Exet U0 otdbia: ot
MpdTo oTaB10 Kataokeuadope tig oxéoets (3.9) Kai otd Bevtepo Erhéyope Mot
and avtig mpémet vir moMardaotaoope.

3.5.1 Zuvbuaopég oxéoewv

Sexwape Ty Tepypagi 4o T Seutepo otadio. A BrtoBéoope T Exope Kata-
oKevaon Gpketés oxEoetg TS PopRAg (3.9). AUT, 0w pdg évblagiper mpaypa-
T Y@ TOV 0uvBUaOD TV oxéoeov, BEv elvat A T 100 kaBe ExBET ey Kal
dig. @M 1 Gv elvat dpriog if mepirrog. M Eda Aéyia, 1) xhdon T0D ke éxBim
pétpe 2.

“Ag tmifope Tépa kamoteg 4nd Tig 5 oxéoeig (3.9). T kabe j
Sétope z; = 1 dv emMeope w oxgon, A droia avootowel ot j Kai 1y =0 v
Btv Ty émAéope. O moMandactaopdg KaTa PEMN OV EMAEYREVOY OXEOROY
fooBuvapei pé Ty loonpia

]112:”"""" = ]:.[xF"”'“’ (mod 1),

1) brvia eivat oxéon Tetpaydvov v, xai povo &y,

i(e“ =dylz; =0 (mod 2), (3.10)

=

Méve: va BpoBpie £va iy pndevics Siavuopa X = (a1, )T, Tiow va ixavortotet
v (3.10). Brdadi. pia pf tetoupvn Aon 100 ypapiKoD oUOTHHATOS (00TaY

Ax=o (mod2),

riow A eivar 6 (£ 4 1) X s ivaxag, 08 éroiou  otoweio ot Séon [, j) eivat iy
KAGON T0D €45 = dij PETPE 2, X efval T Blavuopa-oTiAn Y Ayvootey Kai 0 eivat
T pnevico Bdvuopa Sdotaong 4+ 1.

Mropospe vé Moo 16 obota i peBosoug ts Tpappuds Ayebpag, yia
napabewpa. pt xlaowd dnadegn Gauss. ‘O dvayvoomg pi kdnow ganetpia
“MyeBpag 94 dvayvopios 660 fva ypappikd ovotpa ot oopa Zy (= Fa. pt dAo
oupBolopd) xai Epet bu Boa pabaiver ot Tpappud Aryebpa yia ty énikuon
YPAPRIKGY ouoTRATeV?, loxUouy of dnowdiTote odpa Kt dv Boudever.

“Av b ovotpa £XEL povo T terpyapéve (pndevid) Mo, onpaiver Bt v
£napkody of oxéoeis (3.9), MO KaTaoKELGOGNE, OGTE KATAOKEUATONE MEpLOOG-
Tepeg i T pEB0B0, 0D TIEPYPAGOYE MaPAKATE.

Metadl aut@y xal 6 GAyoppog analeigig To0 Gauss.




[image: image3.png]3.5.2 Kataokeun oxEocwv
Tepvajie oty nepypagi TS KaTaoKeVRg v oxtoay (3.9). Av
a=b (modn),

ote.
b=a—An

via xarow A € Z. Avadqrovpe dpketa Gevyn (a,8) apepav iodupey pépe .
of 6roiot vt rapayovionowdveat ot §. Kabe tétoto foyog pag Siver pia oxéon.
TraBeporowtpe A xai Hedlope spukpig kg 100 g, dg movpe 2 < a < B
Gote i peyahn MBaVETTA T @ va MapayovtorotEital mave otd §. M kabe
00 4. Tov eradope, mpérer v EAéyEope &v 6 b= a — Al napayovronoeital ot
5 xai G avto ovpBaiver, va v napayovionoujoope. Mia mipdn oxéyn eivat,
Vi@ KB T TOT @ Vi napayovIomowipe Ty Gvriotoun Ty 100 b, Eyxeipnpa
oAU XpovoBipo, Ewg kai dnayopeutik Gv 6 7 eivar moAb peyadog, xabog of
TnepoodTepes 4o Tig TpEg T0D b v napayovronowdviar oto . Mia xaXitepn
PEB060 T KOOKIVIONa- MEPYPAPOLE TAPAKATE.

Tpagope tobg GpBpOUS @ = 2,3,..., B ot pia Mota kai xdto ar’ ) Héon
a ypagope TV apiRo 6 — An. T Eva mipito p € §. of apiBpoi @ — A, ov
Buatpodvra 1 p, ikavonowody T oxéon

a=Xn (modp).

Matpéxope T Mota xai onpewdvope kGTo Gnd T @, MOV (KAVONoWDY abt Ty
foonpia, ok pia tpim ypappn, © pF, Brov pF eivar ) peyaXitepn Suvapn 0 p
0D Biatpel TV dpiBpo g Beltepng Ypappig. 0 droiog, apkd, eivatb = a— A,
xai Braipode TV apIBpd Tig Beutepng ypappiis it pFf. Altd T énavadapBavope
Vi k6B ipTo p€ . AQoD tederboope T Bladikaoia yia HAovg ToUg TPOTOUS
ot . xowdpe mowt otoveia g pitg ypappis eivar foa pi 1. OF avtiotoyes
Tpig TV 6, b apayovionowdveat ot § kat A napayovroroinon Exet fien Bpedel
oty tpim ypappi. ‘H mapayovionoinon 108 aviotouou a propet v Bpedet pé
Evav &b GhyopBpo, ig modpe i Boxipaotiés Blatpéoets.

Tapaderypa. O 1 = 2257, v 6roiov 8a napayovionowjoope eivat &ar-
petixa pkpog, Ev oxéoet i Tig BuvatéTTeg g PeBOBO, AA Enapkig yia v
atavoroope T Aewoupyia mg. “Enéyope § = {=1,2,% 5,7, 11,13}. Apxuwa
naipvope A = —1. Egetafope tovg apBpovs 2 < a < 13 xai guayvope 1 Mota
pag:

al 2 3 T B [ T 8 E] W71 13

b 2250 | 2260 | 2261 | 2262 [ 2263 [ 2264 | 2265 | 2266 | 2267 | 2268 | 2260 [ 2270

Of Bratperot 16 2 apBjot b = a = A = a+ 2257, brov 2 < a < 13 elvar oot
ixavorowty Ty iootyia

a+257T=0 (mod 2),





[image: image4.png]nhab, of @ =3,5,7,9,11,13. Zupmnpovope Ty tpit) ypappi 100 mivaka

al 2 73] 4 B G

TS [9 [io]n[i2]13
| 2259 | 565 | 2261 | 1131 | 2263 | 283 | 2265 | 1133 | 2367 | 567 | 2260 | 1135
E; B ¥ 3 2 3

Mpoxepotpe oty £ndpevo npoto, v 3. O Sipetol 51 3 apBpol @ + 2257
tcavonowdy Ty ioonpia a+2257 = 0 (mod 3. Sndadd. tva =2 (mod 3). dp
civa

a
of apBpol a = 2,5,8 11 tg Motag pag. Zuvexope 1 ouprdipoon tg
Tpitng ypappfig 100 rivaxa og &g
e T[5]6[7[8][0 0] 10 [1z]18
S 201 | 377 | 2263 | 253 | 70 [ 1133 [ 2007 |7 | 20| 11
F 3-3 Flal 3 30 2

TuvexiGope i tov 5 xail Novope Ty lootia @+ 225

0 (moxd 5). 6rpradr), vy
a=3 (mod 5). ano Ty oroia naipvope a = 3,8, 13 xat oupmnpdvope Ty tpit
ypapps:

a[2] 3 [ 1[5 [ 6 [7[8 ]9 [16] 0 [12]18
5350|113 | 2901 | 3rv | 9063 | 253 | 151 | 1133|9967 | 7 | 9560 297
FE-5 2-3 2 [3-5] 2 Z. 3T 25

TuvexiGope pié t 7 xai oupmnpoVopE TY TpiT Ypappr :

o213 |4

56789 [0 i) 213
B[ 951| 113 [ 119 377 | 2263 | 283 | 151 | 1133|2267 | 1 | 2960|997
FF5| 723 2 [3-5] 2 =T 2-5

Opoiag. tpyagopaote pé w 11:

al 2 3 TS [ TS E] 10 1T 12 713
951 113 [ 119 377 | 2263 | 283 | 151 | 103 [967 | 1 |2969] 297
FF5| 723 F [3-5]2-11 T3 25

=]

Tédog, it tov 13 xataMiyope otdv Teikd mivaxa

]2 3 [1] & G (7|89 [W0] 11 [13]13
5[50 113 [196] 20 |9963 | 983 | 151 | 103 [9967| 1 [9060| o7
F &5 7 |2-3- ¥ [3-5]2-11 2.3t T 2-5

Exoviag teAeboet ) Sabiaoia, PAérope bu Exope mpel Y Mapaxdito
oxéon, TOB GvnoTowEl oty s @ = 110

1=22-3-7 (mod 257)





[image: image5.png]To (0,0,0,0, 1, 1,007 9a anotedéoe pia otiin 100 nivaxa A. 'H séppnveias avton
00 Saviopatog eivar A Eig: To mpdro 0 onpaivet &1 6 b, mov avnotoe otd
ouyKexpIpEVO @ elvar SeTixog, Gpa Gpoonpog Toi pff. Of Unéloineg ouvietaypi-
vEg T0D BLaviopaTog GVHOTO0DY OTobg MpGToug 2.3..... 13 xal eivar 0 &v oty
napandve oxéon tetpayvey ¢ aviotonog npdtos dupavidetal pt dpno Exbét
(nepiroon v npétov 2.3.5 xal 13) xal civat 1 &v 6 dvriotorgog mpatog eivat
nepog (nepinoon @y npdtoy 7 kai 11).

Mévo pia oxéon, guoud, dév elvar apxets, kaBis £ pévn Aon 100 ovots-
atog eivan f) wrpupivn 21 = 0. Mriopodpe vi Brpovpyficope neploodtepes
oxtoeg. E§eTaoviag nep000tEpes TRES 0D g, eprhapBAvOVIas NeploodtEpOUg
npétoug otd 8. Eeadoviag Bagopericts TRES yia T A ouvbuadoviag Bha ta
napanave.

Ztb napaBerypd pag endéyope va Hetdoops Slagopeticis ks 10 A yié 1
610 0vodo 5 xai 16 {610 0BvoNo TRGY 00 a.

M A= =2 xai 2 < a < 13, urodoyope by aviiotoyo mivaxa. AUt t
©Opa, MpOKEYIEVOY Vi BPODpE MO TES 0 b = @+ 2 - 2257 Baipodviat 4né
v p € S. it tig Buégopes s 100 @, Enope tig foonpics @+ 2- 2257 = 0
(mod p) i tovg npotoug p € S Mpoxdmeet b axéloubog Mivaxag:

o 2341567 [8]9 E N N T

b[9[ 1517 | 261 [ 519 113 | 137 [ 323 [ 4503 20 | 181] 9063508
7z 3-F S5|3-91[3-T ESCEAEEE

Blérope b1, yia A = —2, v maipvope xappia oxéon. Tuvexope terloviag
Bragopeticis TpEg D A otd Sudompa [—14,14]. Ltov mapaxdte nivaxa gai-
vovat of oxéoe, Tob raipvope yia Tig S1Ggopeg T D A kai ol dvriotoneg
otiheg 00 nivaxa A. TlapampAote 511 f fpo oUVEEtaypévn TS otfAng sivar 1
v, xai povo dv, 6 avriotorxog b= a — A eivar apviicdg:

A=—3 (mod 2257) (0, 1,0.1,1,0,017]
X (mod 2257) [ (1, 1,0, 1,1, 0,07
x (mod 2257) [ (1,1,0,1,0, 1,0 |
p) —5"5-13 (mod 2257) |(1,0,1,1,0.0,1)
Py F=—2.9-5-13 (mod 257 [(1.0.1,10.0.07]

Eron éxope
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[image: image6.png]Té H1AVUOIa AYVOOTOY eIVaL TO X = (X1, Tay g T4e T5e T6)!. KAl AUVORE TO OVOTI G
Ax = (0,0,0,0,0,0,00. Mia pi) epyapévn Moy eiva i x = (1,0,1,1,0,0)7,
&pa, oupgoeva pi Boa einape oty Nepypagn g PeBGBoU, mpénet va noMa-
ndaowdoope xaté pEAn Y Ipow, WY tpit Kal Wy Eapt and g oxéos.
oy eixape Bpel nponyoupévag, Tpokeévou ndpope pia looupia wpaydvey.
Tpaypatixa, ol oxéoelg 1,3,4 eivat

1 = 2357 (mod 2257)

7 —2-3%-5° (mod 2257)

11 =2%-5-13%  (mod 2257)
xai nodarmaoiiovidg tg naipvope ) oxéon

12=2030 50 130 = (P -5 13)7 (mod 2257) .

“Yrooyi¢ovrag tov péyioto xows Sraipétn v 23-3%-5- 13—11 xai 2257, éAnidope
va Ppodie Eva ) tErppéve napayovia o 2257, Mi v exdeideio adyopiBpo

Bolokops 6016 péyiorog Kowes Biapétng elvar 3T ai, OUVENGS, TGPAYOVIORO0U-
Jie Tov 2257 o 37+ 61.





[image: image7.png]4.5 Tlapayovtonoinon pé TO TETPAYWVIKO KOGKIVO

“Eoto & 9kope v mapayovionowioope v Betixo axépaio 1. 'H Baow ibéa
00 TeTpayeViKoD xboxou ouviotatat ot E: ‘Omag xal oty nepinteon w00
Ypappko kéoxwvou, Siadéyope éva menepacpévo ovvodo S = {py,..., ;) -
KpdY MpGTY’ Kai Bpiokojie apxetolg dxepaious y; > L = 1,2,3 e
wy ibwmta 6 b; % yf —n v napayovroroeitat ot S, foto

Fmn= b= (22)

Tpiv mpoxeprioope. ig mapamprioope ui, &v 6 TpdTog gy € S Epgavigerar ok
pia, toukayiotov, oxéon (4.22). Bndabi, &v e # 0 yia kamow f. wre yf = n

(mod p). dpa (ﬁ) = +1. Zuwenag, brav xataokevalope  avvolo S, Exet
vénpa v mepilapBavopie o’ alto Povo Tipdtoug p i Tov dnoiovg () = +1.
T ouviyela, éndéyope karowg and tig oxtoeyg (4.22), for Bote, &v ol
émieyelosg moMandaoiaoBody xaté REN, VA Tpoxier oxéon, ot Befo -
Xog ig brioia, Mot of exBEtes 3 e g€z -+ Ys€u vi eivat dprot, ot





[image: image8.png]21,20z, 20;. dvrotoixos. E6S evvoeitar bu 6 deikmg i Siatpéyet Eva brioos-
vodo (yvijowo i pr) 1o {1, 1} Bradi, v, yia mapaderypa. Exope imhéger
T 20,5060 xai 8n oxéon, wre 04 Satpéxet 0 ovvodo {2,5,6,8}.

“Ag ToDpe 511 T etxape avtd. Tote,

(e gm)® = byl = (FpF =g (mod
Gpa Exope pia oxéon tig popefs ¥2 = X? (mod n) xai éAniope 6n 6 N Bev
Buapet kavévay and tovg X + Y, X = V. Eiy nepimeon avu), Mye xai g
(X +Y)(X =Y. o péyiotor kowoi Suapéreg (X + V,n) kat (X =¥, n) elvar
) erpuapivo Buapéteg B 71 (Eoxon 9 100 xegadaiou 1).

Tapatmpote 61 t 3;€a. d.x.. priopel vi ypagel xai dg 37 €
a6e z; clvar 1 4 0, avadoya pé 1o Gv Exope ) Bev Eope emAEer ) j-oot
oxéon (4.22). Opoiog xai yia tobg OnoMowmous exBiteg Y Garn . Ys bar. Apa f)
katMnn éndoyi oxéocov (4.22) dvéyetar oty elpeon B erpypivng Mocag
00 ouotpatog iooTIGY

ey +epre+ e =0 (mod2) (f=1,...4).
©upnBeite Bt aviloyo olotpa oGy dvipstenioap: mpog T Thog TS Evo-
tag 8.5.1. At ) popa Exope  ovompa
Ax=o (mod?2),
friou A elvat 6 m xt nivaxag, 10 droio w otoweto ot Séon (i, ) elvar i Kaon
00 £KBET) £ PETPO 2, X VAL O BIAVUORA-OTIA OV GyVioToY Kal o slvat T
pnfevicd Sidvuopa Bidotaong 1.

Tapadewypa. Oa napayovionovioops v 1 = IGMOT. Eréyope o § va
anapriferan 4no Tovg GKTG PKPGTEPOUS TIBTOUS P YL TObG Grvious ('-') )
Brdads, 5 = {2,7,11,13,23,20,37, 43}, Eivar | /] = 1286, rote soxmadope
kg 9 > 1286 y1d tig onoieg 6 b = 3 — 1 napayovionotetia ot §. "Onog kal
oty Evémta 3.5.2, £1o1 kai tpa tovope 611 B Arausital vi MapayovIonowope
v 3* — B, agod 1o 9a favanégtape ot npoBAnpa mapayovionoinong, aAla
amag dedope peBobua T péyio Hovapn w0 2, £ow 2%, ob Hiaipel v i
iiotepa T péyiot Sivapn w0 7, fote 74, mow Buapet wy bf2% dotepa 1) péyiot
Buvapn 100 11, fotw 117, nov Suapet wv B/(2°7%) «.6.x. péxpr va t§avidfoope
toig npotoug 0 8. "Av 1 rmdixo Bf(257 ---43%), oto 6roio 94 xatahrEope
foobrat it 1, xai povo e, 6 y 94 civar vag and toUg gy, M mapadeypa, dv

— 1290, péyiomn Bivapn oD 2, nov Sapel Wy b— 12067 — n — 304 elvar
23 Eivat 33304/23 = 4163 xai 6 ambpog avtog bév Sraipeitar ano woug 7,11,13,
a\da Bupettar 4o tov 23 aMa Gy dnd peyalitepn Bivapn tb 23, Topa
4163/23 = 181 kai 6 GpiBpog avtog v Buapeitar dnd Kaviva i v 20.57.43.
“Apa t Akd mdixo civar > 1 xat f ) y = 1209 Groppintetat. Mapaxdto
évope £va mivaka it tig npdreg 9 Bektés tpEs 100 y xal Tobg Gvriotooug
éxBiteg ToV npdtev 0.8 oty avaluon 100 y* = n.
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Ltov napanave mivaxa, 1) onpaoia tig teAevtaiag, A.x.. ypappis eivar su 14157 —
n=2%-11-23-43. Mé tovg ponyospevous oupBoXiopotg pag. t =8, m =9 kat

00000100
10010000
00100000
00000100
A 11000010].
11110000
10010000
10000010
10101001

Mia 1) terpuapév Ao 105 ovotipatos Ax =0 (mod 2) elvati (21, ... 0] =
(1,0,1,1,1,1,1,0). nov 6ndéver 61 npénet vi moMardaotdooe xata péd T
ioonpies, MOV AvroToODV o BAeg Tig MApandve TEs o0 Y. MY T 2ng Kai
i teAeutaiag, 6ot 94 napope

V2™ (1280~ 1204 - 1321 - 1325 - 1335 - 1369 - 1300)%
(2275 11-13-23-20-37-432 % X2 (mod n).
Aarotdvope du (X + Yon) =709, (X — Y, n) = 2333 xain = 709- 2333.
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